Abstract. Let M be the (n + l)-dimensional Minkowski space, n > 3. The energy of a solution ip to Dirac's equation in M is a sum of n terms, the / th term depending on \p and the space derivative difz/dx^. We show that if the Cauchy datum for is compactly supported, then each of these terms is eventually constant. Specifically, if \p is initially supported in the closed ball of radius b about the origin in space (R"), then for times \t\> b, they'th term is equal to the energy of theyth Riesz transform (-A) 1/2(9/3x7)^, which also solves Dirac's equation.
In [1] and [2] , the author considered the problem of partitioning the "higher" conformal conserved quantities for the wave and Maxwell equations. It was shown that under the same compact support assumption on Cauchy data, the conserved quantities coming from Lorentz invariance are partitioned in finite time into a number of linear functions of the time t, and that the "zeroth inversional", or "conformal" conserved quantity is partitioned into quadratic functions of t. These theorems resulted from a partitioning of certain first and second moments of the energy into kinetic and potential (or electric and magnetic) parts.
Dirac's equation is also conformally invariant, and our purpose here is to determine how the energy, Lorentz quantity, and zeroth inversional quantity (all of which can be calculated using the Lagrangian formalism) are partitioned. Dirac's equation differs from the wave and Maxwell equations in that there is no separation between kinetic and potential energy, and in that the energy is not positive. Instead of an equipartition of energy, we find a partition into n terms, each of which is constant after finite time. These eventual constant values are the energies of the various Riesz transforms ( -A)~1/2(0/3Xj)\p of the original solution \p. (These transforms also solve Dirac's equation.) It is important to note (see Remark 5 ,e below) that this result is not only different from the energy equipartition result given by Costa and Strauss in [3] , but deals with an entirely different conserved quantity.
Longer calculations of the type used for the energy give the desired results on partition of the higher conserved quantities.
The approach used here for Dirac's equation can also be applied to the wave equation to further partition the potential energy. If u = u(x, t) is a solution of the wave equation with u( •, 0) and (du/dt)( ■, 0) supported in (| x |< b}, then for 11 |s= b, each of the n terms 5119^/9^11^2 in the potential energy of u is constant. The same idea applied to moments of the energy leads to further partitioning of the Lorentz and zeroth inversional quantities.
The paper is organized as follows. In Sec. 1, we standardize notation and record the conformal conservation laws associated with Dirac's equation. In Sec. 2, we partition the energy, in Sec. 3 the Lorentz quantities, and in Sec. 4 the inversional quantity. In Sec. 5, we make some remarks and state some related results, including the new results for the wave equation described above.
1. Dirac's equation and associated conservation laws. Fix an odd integer n > 3, and let M be the {n + l)-dimensional Minkowski space, with coordinate functions (x,t) = (xu...,x", t). For our purposes, a spinor on M is a C00 function \p: M -> CN, where
where the dot denotes 9/91, 9y = 3/0.*,, and the ay are N X N complex matrices satisfying
In terms of the so-called "y-matrices" on M, a; = 7/70, where y0 is the matrix corresponding to the time coordinate. The particular representation of the relations (1.2) and (1.3), and even the dimension N of the representation space, will be immaterial to the results below.
Let ( , ) and 11 denote the usual inner product and norm in C^, and let (( , >) and || || be the inner product and norm in L2(R", C'v);
Let § denote the taking of the imaginary part. As a consequence of its conformal invariance, Dirac's equation admits (n + 2)(« + 3)/2 independent conserved quantities. These are the integrals over space (R") of the densities [6] e = 3 ( ^ oljdj\p, > (energy density), J Pj -^(dj\p, 4>>
(linear momentum densities), Xjk = Xjpk -xkPj -(a^, ak\p) (angular momentum densities), b: = tpj + Xjt (Lorentz densities), h = te + 2 xjPj (dilational density), j The conserved integrals will be denoted £, Aj7t, 5;., //, /0, /.; for example, £ = fR"edx. (E and // re not to be confused with electric and magnetic fields.) When dealing with more than one Dirac spinor, we write E = E(\p), P} = Pj{yp), etc. Our main results concern E (Sec. 2), Bj (Sec. 3), and I0 (Sec. 4). -RJRk4/ = ^=(6J8kj)\ iEL2.
Our energy partition result states that for Dirac spinors with compact support in space at time 0, the summand i((ajdj\p, \p)) (fixed j) in E(\p) eventually takes on the exact value E(Rj\p). (Note that a Riesz transform of a solution to (1.1) is again a solution.) Two remarks on notation are important: (1) Summation over repeated indices is never implied: all intended summation signs are explicitly supplied; (2) ^ will denote \p(-, t), and never the time derivative of \p, which is denoted xf. By the skew-adjointness of 9^, the last four terms above sum to 0. (0,6k\p0 is in the L2 Sobolev class Ht<n~X)/2 C //', since each differentiation introduces one new factor of p~'.) Applying the Plancherel Theorem to (4.5) without these terms, we get exactly (4.1). □ Formula (4.1), the energy partition result, and the identity z0 = (r2 -t2)e + 2th
show that I0 is eventually partitioned into 2n + 1 constant-coefficient quadratic or linear functions of t. We would first like to know whether the constituents +119,«112 of the potential energy eventually take on constant values, assuming compact support for u0 and v0. The answer is yes, as we can see formally, without doing the Paley-Wiener calculation, by applying energy equipartition to the wave equation solution RjU. This solution has potential energy 5 V(9,-/v/-A)m||2 = ^119,w112, which should eventually equal [EiR^). In fact, this approach can be made rigorous, even though the Cauchy data for Rtu are not, in general, supported in {r < b) when u0 and v0 are. What matters is that the extensions of 0Ju(j and OjV0 to complex p have the correct exponential type, and that their inner products have the correct total parity in p and 6. We have The situation for the inversional quantity I0 is similar. By a result of Zachmanoglou [9] , ||w||2 is constant for 11 \> b if u0 and v0 are supported in {r < bj, say ||w||2 = C(u), \t\> b.
This result can also be extended to Riesz transforms of solutions with Cauchy data in {r «£ b}. The partition result for 70, proved by the author in [1] , says that ||rvw||2 = jt2E(u) -tH(u) + j-/0(w) + " 2 1 C(u), \t\> b.
A calculation in the £ domain using (4.3) giveŝ \\rdju\\2 = ^rviRjuW -t^\\RjU\\2.
Since the 70 partition result can be extended to R;u, we have (d) The above finite time partition results (for both the wave and Dirac equations), true for solutions with compactly supported Cauchy data, can be extended to asymptotic results for Cauchy data with suitable spatial decay. Essentially, one applies the RiemannLebesgue Lemma in place of the Paley-Wiener Theorem (see, e.g., [4] ).
(e) The energy partition result of Sec. 2 is quite different from the equipartition result given by Costa and Strauss [3] . Their result concerns the conserved quantity ||t//||2. 
